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ABSTRACT: The question of graviton cloning in the context of the bulk/boundary corre-
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There can be however, many interacting massive gravitons that can be arbitrarily light.
This is achieved by coupling CFT's via multi-trace marginal or relevant perturbations. The
geometrical structure of the gravitational duals of such theories is that of product man-
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1. Introduction

The question of the non-triviality of theories with multiple or massive gravitons, has been
asked several times in the past, [ll, f]. In string theory, it has been argued [[], using the idea
of topological cloning, that in standard asymptotically flat vacua, the presence of multiple
massless gravitons is only possible if the associated string theories do not interact.

With the advent of AdS/CFT correspondance, [ and its string theory/gauge-theory
generalizations, we have in our hands information on non-asymptotically flat vacua of string
theory. It is therefore interesting to pose the question of non-trivial graviton cloning for
asymptotically AdS vacua of string theory. This is the question that will be investigated
in this paper. In the process we will uncover a rich new structure in the space of bulk
(gravitational) duals of large-N gauge theories.

It has been expected that every large-N theory is dual to a string theory on a given
background space-time. We will see that the space of such space-times contains product
spaces with a common boundary. The gravitational physics of such spaces is defined



via coupled boundary conditions at the common boundary. Although we mostly discuss
CF'Ts in this paper, non-conformal theories are also considered, and it is obvious that the
framework generalizes directly to asymptotically AdS spaces .

Such product space-times arise, when we couple two large-N CFTs via perturbations
that are products of operators belonging to both theories. Double-trace perturbations in
a single CFT and associated string theory, have already been considered in [fJ]. We will
investigate such product theories in this paper and we will show that they are associated
to massive gravitons with transparent boundary conditions. These were described in a
somewhat different setting in [§]. The way massive gravitons appear is straightforward: one
of the two conserved stress tensor of the unperturbed pair of CFTs ceases to be conserved
once we turn-on the coupled perturbation. This will give rise to a massive graviton in an
AdS space (or deformations thereof).!

2. Massive and massless gravitons in AdS/CFT

It is well known that the presence of a massless graviton in the bulk theory dual to a
boundary CFT, is intimately related to the presence of translation invariance and energy
conservation. Indeed, to see this, we couple a source h,, to the stress tensor of the Field
Theory

eWer(h) — /e_S*"'Id% by THY (2.1)

We now perform an infinitesimal diffeomorphism z# — z* + ¢, under which the action by
definition transforms as

S, — S, — 2/d4:c Ope, TH (2.2)

If translations are symmetries, then the relation above gives energy-momentum conserva-
tion
0, T" =0 (2.3)

The effective action is therefore invariant under diffeomorphisms acting on the metric
Weff(huu + aufy + ayeu) = Weff(huu) (24)

As usual in large-N conformal theories, the graviton Regge trajectory is lifted to a five-
dimensional graviton field. The ensuing diffeomorphism invariance, translates into the
masslessness of the five-dimensional graviton. This statement remains true in the presence
of extra dimensions associated with other global symmetries of the theory.

LOf course string theory around flat space contains, an infinite number of massive spin-two excitations.
These have string scale masses, and arise at higher level than the massless one. They form, among others,
the Regge trajectory of the massless graviton. In particular they are states, that have always masses at or
above the string scale and they can never become light. We are not interested in such massive graviton
states in this paper. Our primary interest are massless gravitons, or massive gravitons but with masses
that are not necessarily at the string scale.



To conclude, the energy-momentum conservation of the boundary CFT is inextricably
related to bulk diffeomorphism invariance and the masslessness of the graviton.?

We may consider however the presence of other symmetric two-index traceless opera-
tors T, wv- Such operators, generically exist in the spectrum of CFTs, and are not generically
conserved,

T =Jv , 9", = (2.5)

If the dimension of TH,, is A, the dimension of the operator J* is A + 1 and that of ®,
A + 2. The operator TH,, should correspond to another spin-two bulk field. Now however,
this field combines with the (massive) bulk vector associated to the J* and ® operators to
form a massive graviton multiplet.

A CFT has an infinite number of spin-two gauge-invariant operators, that give rise to
spin-two fields in the bulk theory. An example in N'= 4 SYM theory consists of the series
of operators Tr[®" .. ®In-1D, D, ®™]. Such operators are non-BPS and therefore have
large scaling dimensions and the associated glueballs string scale masses. Generically, such
fields are associated to spin-two states with string scale masses. In some cases however,
they may correspond to low-lying gravitons.

In [, the group theoretic analysis of conformal representations associated with massive
gravitons in AdSy was performed in detail. It was shown that the graviton acquires a mass
at one loop, if special transparent boundary conditions are chosen for scalars sourcing the
stress tensor of the CFT. We will see in the sequel that this observation is explained and
generalized by our results.

3. Absence of massless interacting gravitons

We will first examine and exclude the case of massless interacting gravitons. Consider
a theory with two traceless and conserved spin-two operators. After diagonalizing their
two-point functions we may denote the orthogonal set by 71" and T4". They generate two
commuting conformal algebras.

The strategy is to diagonalize the spectrum of operators under these algebras and
factorize the theory as a direct product of two sub-theories that are non-interacting. If this
is achieved, then we have obtained two theories each living independently on AdSs x X
and AdS5 x X5. Since the correlators factorize, the theories and therefore their gravitons
are non-interacting.

There are caveats to the argument above, and they have been investigated in 2d CFT's
which are in general far better understood compared to their relatives in higher dimensions.
The issue of factorization of CFTs given two commuting stress-tenors has been exploited
in two dimensions in order to construct, by factorization, new CFTs from known ones.
Early examples go back to [fj], while this is the philosophy of the coset construction [§].
The procedure has been described in full generality in [J] and has been applied to affine

2The five-dimensional masslessness of the bulk graviton should not be confused with the non-zero four-
dimensional (background-dependent) masses the spin-two glueballs acquire in a given bulk vacuum (asso-
ciated with a concrete background solution).



CFTs [Id] in order to construct large classes of new CFTs , with generically irrational
central charge. The general formalism is reviewed in [[]. Moreover, there is also the
exotic case of indecomposable representations, giving rise to logarithmic CFTs in two
dimensions, [LJ]. We will not consider this option further in this paper.

The upshot of these studies is that a theory with two commuting stress-tensors (that
sum up to the total stress tensor) is a (discrete) projection of a direct product of two non-
interacting CFTs, C'FT} x CFT5, each described by the associated stress-tensor. Therefore,
the correlators of the CFT factorize into sums of product correlators.?

The analogous statement in the dual gravitational theory is that we must consider two
independent AdS441 x X1 and AdSg41 X X2 geometries dual to CF'T1 5 respectively. The
two gravitons are massless and the two theories are essentially non-interacting. Allowed
operators can however be discretely correlated.

4. Interacting product CFTs in four dimensions

We will now study a product of two four-dimensional CFTs CFTy x C'F'T5 coupled together
by a marginal (or relevant) double-trace perturbation of the form O;02 where O; is a
scalar single-trace, gauge-invariant operator in CFT; and O, is a scalar single-trace gauge-
invariant operator in CF'T;. We normalize O; ~ T'r[---] so that their two-point functions
are normalized to one. We also take Ny o — oo with their ratio fixed.

The general implementation of multiple trace perturbations in the context of AdS/CFT
was described in [L§]-[Rd] following the original work of [fj.

Consider? a scalar operator of scaling dimension A in CFTy, Oa, and another of
dimension 4 — A in CFTy, Os_a. Perturbing the product theory, CFT; x CFT,, with

08 = g/d4x Oa(x)O4_a(x) (4.1)

we will obtain a line of fixed points according to our analysis in appendix [ if A #
2. Otherwise, this is a marginally relevant perturbation. The implementation of this
perturbation in the dual theory, will start with the two geometries of the unperturbed
CFTs, CFT; — AdSs x X1, CFTy, — AdSs x X5 where the compact internal spaces X o
are not necessarily the same, as the two original CFTs need not be the same. In particular
they share the same set of boundary four-dimensional coordinates as the two CFTs live on
the same four-dimensional manifold. However, the radial holographic coordinate as well as
the coordinates of the spaces X2 are distinct.

When the perturbation (f.1) does not break conformal invariance, turning it on, does
not modify the AdSs parts of the metric. As we will see, it does not change the compact
parts either, as the associated bulk fields are trivial in the background solution. In the

3The factorization ansatz was first described for the G/H theories in [@ It has been formalized and
solved in ﬂg]

4If we take into account the unitarity bounds on dimensions, and the fact that we need a relevant or
marginal perturbation we may show that for d > 2 only scalar operators can couple two CFTs. In d=2 also
vector-vector perturbations are allowed.



more general case of relevant perturbations, the background solutions will get modified. If
the operators are singlets under the internal symmetry acting on X o, then they will not
affect the X o geometry and only AdSs will get deformed. Otherwise the internal Killing
symmetry will generically break and the geometry of the spaces X; o will be deformed.
There are bulk scalar fields of the two theories corresponding to Oa, O4_a that we
denote by & and Dy A. They have the same mass in respective AdS units, m%ids =
m%ﬁds = A(A—4). Their asymptotic behavior close to the associated boundaries 713 — 0
is®
Oa ~qi(@)rf +pi()ri  Baa ~ pa(a)ry + gaz)ry S (4.2)

where we have assumed without loss of generality that A < 2. py(z) and p2(x) correspond
to the expectation values of the associated operators while ¢;(x) and g2(x) correspond to
sources.

The appropriate boundary conditions that implement the deformation of the product
theory generated by () are’

() +gpa(r) =0 , g2 (v)+gpi(z) =0 (4.3)

where we generalized slightly the discussion in [[L5].
This perturbation is exactly marginal, to leading order in 1/Nj o, [15.” The “back-
ground” solution consistent with the boundary conditions ([£.3) is the trivial solution:

Da(z,m1) = Pyalz,72) =0 . (4.4)

Therefore the background remains unchanged. The sole modification emerges from the cou-
pled boundary conditions, and we will investigate below how we may compute correlation
function in the bulk theory.

It is obvious that the two bulk geometries must remain distinct, since a priori the orig-
inal CFTs have different bulk geometries. They share however the same four-dimensional
coordinates at their boundary, since these correspond to the common coordinates of the
two CFTs. It is convenient to think of the two geometries as “glued” at their boundary,
via the correlated boundary conditions ([.3). This is however not a geometric junction in
the usual sense. It should be thought of as a common surface were correlated boundary
conditions are imposed. If we study propagation on the two sides of the boundary we will
discover an infinite potential barrier preventing direct communication of the two spaces.

The background solution for the perturbing scalars, breaks the conservation of the
individual stress tensors of each CF'T. Only the sum is guaranteed to be conserved by overall
translation invariance, and therefore only the graviton coupling to the overall stress tensor
is massless. The orthogonal linear combination becomes massive as advocated earlier. This

5Note that we have been careful to separate the radial coordinates r1 and r2 as they belong to different
AdS5 spaces.

SWe use the conventions of @] that differ by a sign from those of @]

"In this case, when the two CFT’s are the same, we have a Z exchange symmetry. This provides
sufficient conditions, for the g — 1/g duality advocated in [@] to hold (g is the coupling parameterizing
the marginal line).



state of affairs can be favorably compared to the analysis of a graviton mass in AdS in [f].
The mass-generating boundary conditions for the scalars, are essentially half of the story
we have here. The perturbation conditions (l.J) reproduce the transparent conditions
in [f] in one of the CFTs responsible for giving a mass to the graviton via a one-loop scalar
diagram. Here, having two copies of the scalars, we end up with one massive and one
massless graviton instead.

The general solution of the (linear) equations for @5 and ®4_a, subject to the bound-
ary conditions ([.3) Fourier-transformed in the four-dimensions can be written as

ea(p.r1) =11 la@) L (plr) + 0P K, (plr)] . v =/Ad+m2 g =[A-2  (45)

bialpirs) = 13 [ "2, 5iry) +gb<ﬁ>m<\mrz>] (46)

They correspond to boundary conditions in [§ a = ¢,5 = 1/g.

The Witten-Gubser-Klebanov-Polyakov prescription for calculating correlators in the
perturbed theory goes through with some modifications, [L3]-[L§]. We will describe this
first in the known case of multitrace deformations inside a single CFT. We denote the

normalized generating singe-trace operator by O(z), of dimension A < 2, and the dual
bulk scalar field by ®. The perturbed CFT action is
™ =Icpr + / d*z W(0) (4.7)

where W (O) is a local functional, that is linear in the case of single trace perturbations,
but non-linear for the multitrace ones. The CFT action is related to the bulk supergravity

action as
(exp [— /d4x ! O]> = exp [—Lsugra(q)] (4.8)
where the source a(x) is related to the asymptotic form of the bulk field ® as
lim B(,r) ~ r2q(x) + 4 2p(e) 4L gle) +ale) =0 (4.9)
T—

The bulk action is naturally a functional of ¢q. In the Hamilton-Jacobi formalism, p and ¢

are conjugate variables with

0lguora, 0J
gi@ q= ﬂ ) J(p) = Isugra - /d4£l? qp (410)

The appropriate bulk generating functional for the perturbed theory is
oW
@) = Toga(a) + [[ate (WG =0 ) (111)

with p, ¢ related to the source a by (f10) and

0L W (p)
_sugra __ — 4.12
5 q+ 5 +a=0 ( )



Therefore the bulk/boundary correspondence translates to

(exp [— / d*z o O] Yw = exp [—Ihgra(@) + 1150 (0)] (4.13)

where the boundary theory expectation value is taken in the W-deformed CFT.
We now consider the case of interest to us, namely, two CFTs interacting via ([L.1).
The perturbed CFT action is

"V = Icrm + Icrr, + /d4:6 W(Oa,014-n) , W(0a,04-n) =g OaO4_n . (4.14)

In the Hamilton-Jacobi formalism, we now have two independent variables p; and ¢; defined

in ({.J) with

5Isiugra(qi) 4 = 6‘]1(1)2)
0g; o opi

P =— . Jip) = Igugra — /d4x api , 1=1,2 (4.15)
and 7 is not summed. I;déra(ql,g) are the two supergravity actions of the associated de-
coupled CFTs. The appropriate bulk generating functional for the perturbed theory is
now

2
oW
Isvlll/gra(al?QQ) = Islugra(ch) + ISngra((D) + /d4$ (W(pl,pQ) - Zp25> (416)
i=1 !

with p;, ¢; are determined by the sources «; by (f.1§) and

SV SW y
Doiwa _ oy WPLER) | — g4 g (o) 4+ 0 =0 (117)
opi opi

where (o!)¥ is the standard Pauli matrix. For vanishing sources a;, they reproduce ({.3)
The bulk/boundary correspondence recipe is

(exp [—/d4:c (()q Oa + OZQO4A):| YW = exp [—Islﬁ/gra(al,QQ) + Islﬁ/gra(0,0)] (4.18)

This generalizes in a straightforward fashion to more complicated interactions.

We may also include sources A,, B, for any other single trace operators of the two the-
ories. These will appear in ([E16) via I (q1, Aa) and 12, (q1, Ba), while the interaction
W is independent on them. It is straightforward to verify, by expanding in powers of the

(9,

interaction, that (4.1§) matches the perturbative expansion of the field theory correlators.

5. Stress tensors and gravitons

We may now investigate the corrections to the correlators of the stress tensors and the
associated interactions of the two gravitons. We denote by Tﬁl, the stress-tensor of CFTy,
and by Tiy the one of CFTy. We also set Ny = N — oo, and Ny = xN with x finite. We
will mostly neglect the x dependence in the following.



We may directly verify that the corrections to the various two-point functions, are

subleading in 1/N. Schematically, the first non-trivial corrections (after normal ordering

the interaction to second order) occur at order O(g?),8

5T (2)T (y)) = g—Z! /d421d4z2 (T" ()T (y)O(21)0(22))c (O(21)0(22)) (5.1)
ST (2)T?(y)) = gj! /d421d422 (T"(2)0(21)0(22))e (T?(y)O(21)0(22)) (5.2)
§(T*(x)T?(y)) = gj! /d421d422 (T*(2)T?(y)O(21)0(22))c (O(21)0(22)) (5.3)

2
These corrections are of order O <g—2> and therefore the graviton mass is a one-loop effect

in the bulk. Note also that the correction in (f.) is an x,y-independent wave-function
renormalization. We conclude that the corrections to the two-point functions of the two
original stress tensors are subleading in 1/N. This is not the case however for higher-point
functions. Consider the deformation of the three-point functions. The following

2

(T (21) T (22)T" (23)) = % (T (21)T" (22)) %
X /d421d422 <T1($3)O(21)O(22)>c <O~(21)O~(22)> (54)

ST )T ) T2 0) = L (T (00) T (a2

X /d421d422 <T2($3)O(21)O(22)>c <O(21)O(22)> (5.5)

is a correction that is removed by the standard shift of the stress tensors. The connected
contribution is

§(TH (1)T (w2) T (3)) :gz—i/d421d422 (T (1) T (22)T" (23)O0(21)O(22))e (O(21)0(22))
(5.6)

2
§(T" (1) T (w2)T?(3)) = %/d421d422 (T?(23)0(21)0(22))e (T (21)T" (22)O0(21)O(22))e
(5.7)

This correction is of order O (]%—1) The unperturbed result is O (%) More generally,
the leading correction to the correlation function of n stress tensors, is given by a factor of
]%—22 multiplying the unperturbed result.

We therefore expect that in the bulk theory, at leading order, the propagators of the
two gravitons h}“? are unchanged, while there are non-trivial changes in their interactions.
To next order, the graviton propagators are modified, h' +h? remains massless, while h' —h?

8There are also additive renormalizations due to corrections at the one-point function. They are of the
same order, and we subtract them from the associated operators.



acquires a mass, according to our previous arguments. This is in agreement with [E] where
it was found® that

1
2
Mgraviton ™ Mggids . (58)
Using the AdS/CFT dictionary
N2
M3 ~ Ve (5.9)
AdS

where M is the five-dimensional Planck scale, we do indeed observe that the graviton mass
is suppressed by a factor 1/N? compared to the kinetic term.
In the sequel, we will investigate specific examples of the general picture painted above.

6. Examples in four dimensions

6.1 Coupling two N = 4 super Yang Mills theories

We first consider the case where the two CF'Ts coupled non-trivially via an interaction that
is relevant in the UV!? are both N/ =4 sYM.
The gauge invariant normalized operators with the minimum free-field dimensions are

6
1
0=> Tr[®'®'] |, 05, = |Tr(®'d)] - 65U O (6.1)
=1

The Konishi operator O, is non-BPS and is therefore known to have a large anomalous
dimension in the strong coupling limit A — oco. Oj; are BPS operators and their scaling
dimension remains A = 2, as they are protected. We must construct an interaction between
two copies CFT) 5 of N =4 sYM with 't Hooft couplings, A; 2 and number of colors Nj o
not necessarily equal. The only interaction that might be marginal or marginally-relevant
is

Sinteraction = hIJ,KL/déL:C OIJOKL (62)

where Oyy; € CFT; and Ok € CFTy. Classically this interaction is marginal. According
to our discussion in appendix [A], it is marginally relevant at one loop.

Unfortunately, the theory with the interaction in (6.9) is non-perturbatively unsta-
ble. (6.2) is an addition to the potential of the scalars of the two CFTs. We will consider
a configuration of the scalars of the two theories so that only fields in the Cartan are non-
zero. We denote their eigenvalues as <I>Z-I, i =1,2,---, Ny, @{, i1 =1,2,---,Ns. For such
scalar values, the potentials of the two CFTs vanish. The interaction (5.J) now becomes

h 1 R D
Sinteraction = Af[‘jj\(é /d% [qﬂ Lol — 65”@ : @} [qﬂ - 65”@ - (6.3)

9The calculation was done in AdS,. We transcribe here the results for AdSs.

10The opposite case, namely an irrelevant perturbation, is easier to come by, and is more or less trivial for
our purposes: for example turning on scalar expectation values is N’ = 4 sYM, we may break in the IR the
gauge group to U(N1) x U(N2) with N12 > 1. However, it leads to the standard multi-throat geometries
in the IR with very interesting associated physics.



It is easy now to see that both diagonal and off-diagonal elements in Oy ; can be made
positive or negative and arbitrarily large by appropriate choices of the Cartan values.
Therefore, the potential in (f.3) has directions where it becomes arbitrarily negative or
positive, for all couplings hrj k. Therefore this perturbation destabilizes the theory. We
conclude that we can couple two N' = 4 super Yang Mills theories via a marginally relevant
perturbation in the UV, however this coupling is not well defined non-perturbatively.

6.2 Coupling two N'=1 T!! conifold theories

This CFT involves the quiver N' =1 SU(N)xSU(N) gauge theory with two bifundamental
chiral multiplets A;, i = 1,2, and two anti-bifundamental chiral multiplets B;, [P4]. This
theory is expected to flow in the IR to a strongly-coupled fixed-point theory with its global
symmetry SU(2)xSU(2)xU(1)r intact. It is a line of fixed points parameterized by a
combination of the two coupling constants. Its dual gravitational theory is described by
the geometry AdSs x T™! where the five-dimensional manifold 71! is the coset (SU(2) x
SU(2))/ U(1) realizing the global symmetry of the theory as its isometry.
The theory can be deformed by an SU(2)xSU(2)xU(1) g-invariant superpotential

W ~ T?“[AlBlAQBQ - AlBgAgBl] (64)

while keeping the conformal symmetry , after some adjustment of the rest of the couplings.
This provides a two parameter family of SU(2)xSU(2)x U(1) g-invariant CFTs, [R4].
In [f]] it was observed that the double-trace deformation generated by the superpoten-
tial
W ~ Tr[A1B1]Tr[AyBs] — Tr[A1 By Tr[AsBy] (6.5)

is exactly marginal, and introduced a new parameter in the CFT without breaking the
global symmetry. We will use this observation to generate a marginal deformation coupling
two copies of the conifold quiver theory.

Consider the product of two copies of the conifold theory, CFT x CFT and a super-
potential

W ~ Tr[A| B Tr[AyBy] — Tr[A1 BoTr[Ay By (6.6)

If the two CFTs are at the same point in the moduli space, then the arguments of [ imply
the marginality of this perturbation. This breaks the (SU(2)xSU(2)xU(1)g)? symmetry
of the decoupled theories to the diagonal one. In particular this implies that the associated
gauge group (SU(2)xSU(2)xU(1)g)? of the product theory will be Higgsed to the diagonal
one. This is similar to the fate of the two gravitons.

The scalars ®;; and <i>,~j, relevant for the deformation transform in the (2,2)¢ represen-
tation of the (SU(2)xSU(2)xU(1)r global symmetry. They are trivial in the background
solution, and the geometry therefore remains (AdSs x TV1)2. The symmetry however is
broken to the diagonal one by the boundary conditions that break the gauge symmetry
giving a mass to half of the bulk gauge bosons. This mass arises from an one-loop diagram
in the bulk with the bifundamental running in the loop.

,10,



7. Examples in two dimensions

There are many examples in two dimensions, realizing the general framework exposed
above. Moreover, in two dimensions, there are non-trivial couplings between two distinct
large-N CF'Ts generated by perturbing operators that are products of currents.

To be concrete consider a large-N CFT; which has a conserved chiral U(1) current, J;.
Consider also another large-N CFTy with an anti-holomorphic U(1) current J;. We may

now consider the perturbation

0S8 = g/d22 J1j2 (7.1)

that couples the two CFTs with the well-known effect of providing an O(1,1) boost on the
associated charge lattice. The question whether the current operators are single-trace is
irrelevant here as all connected higher-point correlation functions of U(1) currents vanish.

There are also examples that involve couplings with scalar operators. In appendix
we have analyzed a large-N two-dimensional conformal gauge theory that is isomorphic to

the conformal coset CFT
SU(N)g, x SU(N)g,

SU(N )kl +k2
This is obtained by gauging the diagonal SU(N) symmetry of the CET SU(N)g, x SU(N )k,
and adding a kinetic term for the SU(N) gauge fields. In the IR, the coupling of this term

(7.2)

flows to zero and the IR theory is the conformal coset in ([2). The relevant parameters
here are the number of colors N and the 't Hooft coupling constants

N N

AN = — Ay = —
1 kl ) 2 k‘g

(7.3)
The large-N limit is N — oo with A; kept fixed. Most primary operators are in one-
to-one correspondence with triplets'! of representations (Ri, Rz, R) with Ry € SU(N)y,,
Ry € SU(N)g,, R1 ® Ry ~ R € SU(N )k, +k,- Their holomorphic conformal dimension is

_Oy(R1) | Co(Ry)  Cy(R)
ki+N  ko+N ki+ka+N

ARy, RoiR (7.4)

For the diagonal modular invariant they correspond to scalar operators with scaling dimen-
sion, twice that of (7.d). In appendix B we show that operators associated to (R, R, X)
with X € R ® R are single trace operators. Consider therefore the product of this CFT,
with N7 colors and A\; = Ay = A and CFT’ with N colors and \] = A\, = X and the class

of single-trace operators with

A 1

where Ry, is the k-index symmetric tensor of SU(N). Then the perturbation

58 = g/d2z Or, m1 PR R0 (7.6)

HThere are exceptions to this rule, but they will not be relevant here.

— 11 —



is classically marginal if we choose

1+ (1—k)A
(-D+(I+k-—1x °

N = E>1 or I>1 (7.7)
Choosing X to be slightly larger, N’ — X + ¢, then the perturbation is slightly relevant,
and we can find a new fixed point in perturbation theory where the two CFT's are coupled.
There are other straightforward possibilities of large-N nearly marginal couplings but we
will not pursue them further here.

8. Multiply coupled CFTs

We have seen so far that we can couple two large-N CFTs with marginal perturbations
giving rise in the dual description to coupled string theories on a product space, with two
gravitons.

It is straightforward to extend this to coupling of more than two large-N CFTs. Con-
sider M such CFTs, CFT;, ¢ =1,2,--- , M. For each pair of CFTs, with one containing a
single-trace operator O’AA of dimension A and the other O{)_ A of dimension D — A we may
write a coupling via a perturbation g;; [ OZO%_ A- Therefore,

W =" gipip; (8.1)
<ij>
where the sum extends to all pair where conjugate operators exist. This defines a graph,
where the nodes are the CFT’s, a link between two nodes indicates the existence of such
conjugate perturbations. A multiple link indicates the presence of more than one such
couplings. The Hamilton-Jacobi formalism exposed in section Y generalizes in a straight-
forward fashion to this case.

An interesting question is whether more than two CFT’s can be coupled together si-
multaneously. The answer to this question depends crucially on the space-time dimension.
Consider the product of several CFTs in four dimensions: CFT;, and a relevant perturba-
tion of the form .

6S :g/d4az IT @a. (8.2)
i=1
with > ;| A; < 4. The unitarity bound in four dimensions, A; > 1, implies that at most
four such operators can be used. However in the maximal case all must have A = 1 and
the group theory requires that they are free scalars. The perturbation (B.3) is then an
unstable potential and such a deformation is not well defined beyond perturbation theory.
The only remaining case is three CFT’s with operators of dimension 1 < A < %.

There are four-dimensional CFTs that contain such operators. Consider, SQCD, in
the conformal window % < %ﬁ < 3 and its associated IR CFT, [Rg]. In this CFT the meson
operators have scaling dimension A,, = 3 — 3]\%, and therefore satisfy 1 < A,, < 2. In this
case we must take the large N limit by also scaling the number of flavors:

N
N—o00 , Ny—oo , — —x fixed (8.3)
Ny
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The dual geometry was argued to be AdS5 x S*, realized in non-critical string theory, [R€].
If we consider the product of three such CFTs: CFTy;, y,, with x4 + x5 + x3 = 5/3, we may
write a marginal perturbation that couples all three theories together

S =g / d'z ®p,, Pa,, P, (8.4)

The discussion of section [] carries over here as well, and the Hamilton-Jacobi formalism
generalizes straightforwardly. The geometrical interpretation is a bit more exotic. We will
have to consider the product of three AdSs x S' geometries coupled via their common
S* boundary via the appropriate boundary conditions. The rough picture is that of a 3-
junction, with the common point associated with the common boundary S* and the three
legs associated with the three AdSs holographic coordinates as well as the three circles.

Therefore, for four-dimensional boundaries, only two- and three-junctions exist.

In other dimensions the situation can be very different. In six dimensions the unitarity
bound is A > % = 2. Therefore, a three-junction exists only for operators at the lower
bound, with A = 2. Again these are free scalars, and the perturbation is that of an
unstable cubic interaction. We conclude that higher than binary junctions do not exist
non-perturbatively in six-dimensional CFTs.

In two dimensions the unitarity bound on operators is A > 0, and in principle, opera-
tors with very low dimension exist. This suggests that we may have arbitrary k-junctions
of CFT’s in two dimensions. Taking the example of the large-N CFT described in detail
in appendix [B, the single trace operators @51 have large-N scaling dimension

17 N Ao
Anmq = = 8.5
0,551 2[1+,\1+1+>\2] (8:5)

To construct an arbitrary k-junction, with &k > 1, we may choose the two couplings of each
of the k-copies of the CFT as A\y = Ay = ﬁ Then, the operator in question, has scaling
dimension 2Aq5; = % Therefore a product of k of them, one from each CFT is marginal
at large N. By taking \; = Ao = ﬁ + € with € < 1 we can find a new fixed point in
conformal perturbation theory.

9. Outlook

We have analyzed the bulk/boundary correspondence in cases where multiple gravitons are
present in the bulk theory. This arises when the CFT in the UV is a product of two or
more large-N CFTs. In the absence of cross interactions the bulk theory is described by
the direct sum of two gravitational (string) theories.

The CFTs can be coupled together by a double-trace marginal or relevant perturbation.
The effect of such a coupling is to preserve a massless graviton, but render all other gravitons
massive. The graviton mass is subleading compared to its kinetic term, suppressed by a
power of 1/N?2. In the holographic dual it is a one-loop effect.

Such bulk backgrounds are described by products of AdS spaces times compact man-
ifolds. The AdS spaces are identified at their boundaries. Moreover, there are coupled
boundary conditions for the various operators at the common boundary.
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In this context one can also answer the question that has been asked in several pre-
vious contexts: are there theories of two or more massless interacting gravitons. Several
arguments from field theory and string theory indicate that the answer to this question
is no. We argue, using the bulk-boundary correspondence that the answer here is also
negative. However, several massive gravitons interacting with a massless one are possible,
as shown by direct construction.

An interesting aspect of the above is the picture that emerges for the set of all geome-
tries dual to large-N QFT. It is obvious that the space of such geometries has a structure
similar to cobordism, although this analogy may be misleading in the details. In particular
we can “glue” two spaces by identifying their common boundary, if there are appropriate
matching operators in the two associated CFTs. We also assign concrete coupled bound-
ary conditions for the associated bulk theories. Moreover here we have also the concept of
three- and higher junctions (relevant for two dimensional boundaries) arising from inter-
acting higher products of CFTs. It is a very interesting project to analyze this structure
further.

We should also stress that this picture, is genuinely different from the case of multi-
throat single manifolds, popular in string compactifications. Such manifolds, contain a
single metric, and arise from the split of the large-N theory in the IR. In such cases, it
has been argued [R7] that tunneling between such throats may provide small numbers. A
simple truncation that can model this situation is the pasting of two cutoff AdS spaces, a
la RS with distinct in general cosmological constants, [, Rg]. This is the simplest model
of a two-throat setup. Here gravitons on the two sides mix, and one of them is a massive
resonance, a la DGP. This similarity is however misleading. In the asymmetric RS context,
modes can propagate from one side to the other as the effective potential barrier is of
finite height. This is not the case, in the case of product CFTs and associate product AdS
spaces discussed in this paper. There, the effective potential barrier is infinite and no direct
communication is possible, being it via perturbative or non-perturbative effects.

We have seen in the example of A" = 4 sYM theories in four dimensions that perturba-
tive couplings of two large-N CFTs may be non-perturbatively unstable. It is an interesting
open question whether this is a generic phenomenon. The simple current-current pertur-
bations in two dimensions indicate that this is not the case, at least in d = 2.

Another interesting question concerns bulk black holes and finite temperature effects in
the boundary theory. On the field theory side we may put the two non-interacting CFTs in
a thermal state, corresponding to different a priori temperatures 77 # T5. Once we couple
the two CFTs via the double-trace deformation, this will give rise to a metastable state
that will eventually relax to a common temperature 7. In the product space, the original
configuration would correspond to two independent AdS black holes, if T1 2 > Tyecont- If
one of the temperatures is below the deconfinement transition, then we must substitute the
AdS black-hole by thermal AdS. Once the two CFTs are coupled, the common boundary
(now with topology S' x S3) allows only static configurations with a common inverse
temperature, 3, equal to the radius of the common boundary S'. It is an interesting
question whether the equilibration of an initial state with different temperatures can be
achieved via bulk physics exchanging energy through the common boundary. Another
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interesting question is whether the idea of massive spin-two black hole hair, [B(] can be
implemented in this context.

The geometric picture of distinct interacting string theories in asymptotically AdS
spaces, can also be entertained in the context of standard asymptotically flat geometries.
We may consider two district string theories, which share the same asymptotic infinity,
but their ”interiors” are distinct. Consider a string theory S7T7 in a vacuum of the form
My x Cg where My is Minkowski space with the usual asymptotic boundary dMy. We
also consider a second string theory STb in a vacuum of the form My x Cg where My
is Minkowski space. The two string theories can have different parameters, gs # ¢, and
ls # 0. They can be coupled by the product of two massless perturbations (the analogue
of marginal perturbations in the AdS case). This will correlate the scattering amplitudes in
the two theories in a fashion similar to the AdS case. The interpretation of the space-time
physics in such a context and its implications for the large scale structure of the observable
universe remain to be understood.

A final comment concerns massive gravitons and their role to cosmology. It is known
that a graviton with mass at the horizon scale today mgy ~ H;’ ! can provide the right size of
vacuum energy to explain today’s acceleration as shown in section 7.7 of [B1]. However, the
cutoff of low energy theories of massive gravitons, of the Pauli-Thirring type is very low, at
best ~ (mZM p)% ~ (10" m)~! breaking down at macroscopic distances. The holographic
theories of massive gravitons we described in this paper, not only allow arbitrarily small
graviton masses, but are UV complete theories, being equivalent to asymptotically free
gauge-theories. It is not implausible that they might provide a concrete realization of this

idea in a realistic cosmological context.

Note added

I am aware that O. Aharony, A. Clark and A. Karch have been pursuing similar ideas,

see [B.
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A. CFT perturbations to leading order in %

In this appendix we detail the structure of CFT deformations by single and double trace
operators. Let Oa ~ T'r[-- -] be a single trace operator of dimension A, normalized so that
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its two-point function is
1

T e —ypA

It is well known that for single trace operators, the connected higher-point functions are

{Oa(2)0a(y)) (A1)

suppressed at large IV,

n

(IT Oai(@i)e ~ N> (A.2)
i=1
It is also known that single-trace operators can also mix with multiple-trace operators. For
our purposes this can be neglected as it is subleading in % generically. It is only in the
case of degenerate dimensions that the mixing can be of order one.

Consider now a perturbation of the CFT by
§6S=g / d4z Oa(z) (A.3)

with A < d. Assume first that g ~ O(1). We will also assume that the dimension A is
known exactly. This may happen because the operator is BPS and therefore protected.
In two dimensions, this is not necessary, as we have control over a larger range of CF'Ts.
Because of (A.2), to leading order in %, the perturbing operator has only disconnected
n-point functions. Therefore, upon renormalization, its dimension remains constant as we
vary the coupling g. To see this we evaluate the n-th order correction to its two-point

function as

PRGN / i1z O, (2)) = Z1(Oa(x)OAW)) + 2o (A4)
=1

Zl = g"(H /ddzi OA,(ZZ» (A5)
i=1

2 n—2

Zy =n(n—1)g" |:<OA(CE) /ddyOA(y»} (H /ddzl- O, (%)) (A.6)
i=1

Z1,2 are in general cutoff dependent constants . By redefining the perturbing operator
order by order in perturbation theory as

Or = \/Z1 Oa(z) + /22 (A7)

we deduce that its scaling dimension remains intact. An alternative way to renormalize, is
to normal order the exponential of the interaction, : 9 d'z Oal@)

However, the same argument indicates that no other operator changes dimension, or
mixes. Therefore this perturbation is trivial to leading order.

We now examine the more interesting case where g = hN ~ O(N). To zero-th order

there is a linear contribution to the S-function if A #d

oh
dlog

= B(h) = (d— A)h+ - (A.8)
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If A = d, the classical S-function is zero and the perturbation marginal. There can be how-
ever a next-to-leading (one-loop) contribution to the two-point function of the perturbing
operator

5(04()04(w) = WN(Ou(@)0uty) [ ' 04(2)) = # [ (,m_j‘f;jd_z‘)d (A.9)

that may contribute to the g-function to next order. If Cy4q is non-zero it is typically of
order O(1). Inserting a UV cutoff a we obtain for the logarithmic divergence

278 hC 1 |z — y|?
5 = ddd log *—— s Al
(Oa(x)O0a(y)) ORI 0g —s5— + (A.10)
which implies an anomalous dimension for the perturbing operator
r(g)
and an associated (-function
%
T
B(h) = ==+ Caaq h* + O(h?) (A.12)
r(g)

The perturbation is relevant if Cgqq > 0.
Consider now a perturbation by a double-trace operator ® = Oa,0a, where Oa,; are
single trace operators,

5S=g / dz : O, (2)Op, () : (A.13)

We will set Ay = d— Ay = d — A as this is the case of direct interest in this paper.
Similar estimates as above indicate that the effects of this perturbation can be non-trivial
if g ~ O(1). This scaling guarantees that the free energy scales as N2. The first non-trivial
correction to the two-point function of the perturbing operator is

5(@(2)®(y)) = 9(Oa(x)Oa(y)) /ddz (01-a(y)04-a(2)){04-a(2)0a(2)) + O(N7?)

(A.14)

For the case A # d/2, the leading contribution vanishes as (OaO4-a) = 0. We therefore

obtain a line of fixed points, valid to leading order in 1/N, [[§]. When A = d/2, then

from (A.19),
d
2m2 g 1 |z =yl

0{(P(x)P = lo + - A.15

(©(2)2(y)) O g —— (A.15)

and we obtain the same 3-function as in (A.13) with Cygq = 1. The perturbation is relevant
and the theory asymptotically free, [[[].

a

We now proceed to discuss double-trace perturbations, that couple two conformal
field theories, CFT; and CFT,. Consider first properly normalized operators, of exact
dimensions A; = Ay = d/2,

- (00 ) = 2 (A.16)

(01()0; (1) =
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where O; € CFTy, O € CFT,. Consider now the perturbing double trace operators,

;5 =: 0;05 , i)IJ =: 070y :, X;; =: O;071 :. We obtain the following structure constants

at leading order in 1/N from the connected three-point function'?

C<I>ij<1>m<1>mn = 5ik(5jm5ln + 5jn5lm) + 5il(5jm5kn + 5jn5km)+ (A.l?)

+0im (801n + 0510kn) + 0in (8jk01m + 0510km)

There is also a similar expression for Cs, ;& ,,®,,- We also have

Coy X1 X1y = 017 (kb1 + 0iadjn) (A.18)
Cor XX, = 0ij(0rxdL + 610 sK) (A.19)
all others being zero. Consider now the perturbation
05 = /(fijq)ij + 1% + gir Xir) (A.20)
where f;;, fij, gir are classically marginal coupling constants. The relevant flow equations
are!3
fig ==8(%)i; =299 )i+ Fro==8(1—29" 911 » Gir=—2(9f)ir —2(f9)us

(A.21)

They imply that the UV fixed point, described by CFT; x CFT5 is completely unstable,

and flows logarithmically towards the IR.This is in agreement with a similar analysis in [23].

If on the other hand we consider the operators to have dimensions other than d/2,

then the § functions acquire linear terms with varying signs, and it becomes possible by
tuning couplings to preserve conformal invariance.

B. Two-dimensional large-N conformal gauge theories

In this appendix we will describe an example of a large-N CFT in two dimensions. It will
usefull in order to support some of our claims concerning the coupling of two or more such
CFTs.

A two dimensional large-N CFT must have ¢ ~ O(N?). The reason is that the stress
tensor is a single trace operator, and if we normalize its two-point function, we must obtain
according to the standard large-N counting { T" ). ~ N2~". The normalized stress tensor
is Or = \/g T, so that { O% ). ~ ¢!~ 2. We deduce that ¢ ~ O(N?).

One example of a large-N gauge-theory (CFT) can be obtained by gauging the diagonal
SU(N)g, +k, global symmetry of the WZW model SU(N)g, x SU(N ), to obtain the coset

CFT
SU(N)g, x SU(N), kika (k1 + ko + 2N) (N2 — 1)

CFT = , ¢c= B.1
SOty 210 S o Ty v vy ey s MG

12Note that in terms of the individual single-trace operators O;, Oy, this is the disconnected component.
The truly connected component is subleading in 1/N.

13We rescale the couplings in order to absorb the 274 factors.
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To take the 't Hooft limit we define

N N
Ao = — (B.2)

A = —
L ko

and we take N — oo keeping \; fixed.'* We may rewrite the central charge as

_ ()\1 + )\2 + 2)\1)\2)
ST I+ M) +)\2+)\1)\2)(N2 -1 (B.3)

which has the correct large-N asymptotics.
There is an interesting symmetry in this theory, rank-level duality, that indicates that

this CFT is equivalent to a dual one®®

SU(kﬁl + kig)N

CFT ~CFT = B.4
SU(kﬁl)N X SU(kg)N X U(l) ( )
with associated 't Hooft couplings
~ 1 k1 ~ 1 ko
S = == B.5
== g2 (B.5)
In the dual theory there are two types of colors, with multiplicities k1 and ko.
In the special case k1 = ko we obtain
SU(N) x SU(N)g 2k2(N? — 1)
CFT = , ¢c= B.6
SUN)ar ‘T T N2k 1 N) (B.6)
with 't Hooft coupling
N 2(N2 1)
N = — - B.7
ST e N2N (B-7)
while the dual one is SU(2k)
CFT = N B.8
SU(kﬁ)N X SU(kﬁ)N X U(l) ( )
with 't Hooft coupling
- 2 2k
A=—=— B.
TN (B.9)

It should be noted that the rank-level duality here inverts the 't Hooft coupling. There is
no analogous case in four-dimensions.

We now proceed to analyze the conformal dimensions. The conformal dimensions for
the primary fields of the HW reps of the SU(N); theory are given by

_Gy(R) _ Cy(R) A
R=LFN N A+l

(B.10)

We must therefore analyze the scaling of the quadratic Casimir for SU(N) representations.

This Jarge-N limit is different from the one that gives rise to realizations of W, symmetry in two
dimensional CFTs [@] This second large-N limit is associated to pp-wave type space-times.

15This has been explicitly checked in the associated supersymmetric models, [@] although it is also
plausible here.
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m-antisymmetric

()

1 (N-2
2 \m—1

m(N—m)(N+1)

2N

Representation dimension Dynkin Index Sy | Casimir Cy | A(c0)
] N 1 N2-1 1
N(N+1) N%,-Q (N712)](VN+2) 2
(L] 2 N N 1
H N(N-1) N-2 (N+1)(N-2) 1
2 2 N
Adjoint N?2 -1 N N 1
N(N+1)(N+2 N+2)(N+3 3(N—1)(N+3
[TT] ( 6)( ) ( {4( ) ( 23\([ ) %
N(N2-1) N2-3 3(N*-3) 3
3 2 2N 2
N(N—-1)(N—-2) (N—2)(N—3) 3(N+1)(N—3) 3
6 a 2N 2
N(N+1)(N+2)(N+3 N+2)(N+3)(N+4 2AAN—1)(N+4
T ( )(24 )( ) | )( i )( ) ( ]2[( ) 9
E N(N—1)(N=2)(N—=3) | (N—2)(N—3)(N—4) 2(N+1)(N—4) 9
24 12 N
B} N2Z(N2-1) (N+2)(N+3)(N+4) 2(N2—4) 9
12 12 N
N(N-1)(N+1)(N+2) (N+2)(N2+N—4) 2(N2+N—4) 9
8 4 N
N(N+1)(N-1)(N-2) (N—2)(N2-N—-4) 2(N2—-N—-4) 9
8 4 N
m-symmetric (N *7’:*1) 1 (],Vn tT) W ™
£

Table 1: Relevant data for some low-lying SU(N) representations

The quadratic Casimir invariant for SU(N) is given by

(TETR)ij = C2(R)di;

while the second Dynkin index is

Tr[T&TS) = S3(R)6Y , dim(G)S2(R) = dim(R)Cy(R)

Using the results from reference [B4] we can tabulate below in table 1 for various SU(N)

reps, the dimension, second Dynkin index, quadratic Casimir and asymptotic conformal

o(3)

now consider the holomorphic scaling dimensions of operators of the coset

dimension defined as

We ma;
SU(N)j, xSU(N),

SU(N) k1 +ko

Cy(R)  Co(R)

A X

E+N

N X+1

S}

SU(N)kl, Ry € SU(N)kQ, Ri1®Ry~RE€ SU(N)lier. We obtain

A2+ 22+ A2 (A + o)

oo R

(T4 A1) (14 A2) (A1 + A2 + Ao

N

A

1
Aq1o = —
0,150 2(1+)\1)(

A1+ A2+ A
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(B.11)

(B.12)

(B.13)

, which in the simplest cases are in one-to one correspondence with R; €
1 .
] +0| =) , R=Huwgadjoint (B.14)

i+o(x)

(B.15)




A2 1
ARp1.r= 1 +0 (=) , R=[H o adjoint B.16
BER =700 00 + da + M Aa) <N> o adjoin (B.16)

Aoz = % {(1 ilAl) T f&)] +0 (%) (B.17)

We will now investigate which of the coset fields correspond to single trace operators.
To do this we must start from the fundamental fields g1 2 of the WZW theories SU(N )y,
transforming in the (7,3) representation of the SU(N)r x SU(N)g global symmetry. Under

the U(N) gauge symmetry of the coset theory, they transform as
n—=UqaV , pg—-UgV (B.18)

Then the operator Tr[g; ! g2] is gauge invariant and therefore a valid coset primary field,
which moreover is a single-trace operator. In fact, if one takes into account the OPE
product expansion, there are two coset primaries, associated with T'r[g; ! g2], namely (o,5; 1)
and (o,3 ; adjoint) with large-N dimensions

1 Al Ao )\% + )\% + )\1)\2()\1 + )\2)

Aps1 = = + 5 A7-a'oin:
PELT O (14 A (1+)\2)] B Rdomt AN (1 + A2) (A + Ao + A Ao)
(B.19)
A similar argument indicates that the primary fields associated with (R, R, X) with X

appearing in R ® R correspond to single trace operators. We obtain for example

)\1 >\2
A B.2
e {(1 IS RNTESY e
A BB A+ MM+ 2 + k) (B.21)
0, ;adjoint (1 + )\1)(1 + )\2)()\1 + Ao+ )\1)\2) .
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